
Problem Sheet 5

1. Let B � pB1, B2, B3q be a Brownian motion in R3 and B0 � y P R3zt0u.

(a) Show that 1{||Bt|| is a local martingale, where

||px1, x2, x3q|| � px21 � x22 � x23q
1{2.

(b) Let A � Bp0, rq where r   ||y||. Show that

PpDt ¥ 0, Bt P Aq   1

and comment on this result.

(c) Let Mt � ||Bt�1 � y||�1. For t ¡ 0 show that EpM2
t q �

1
t�1 . Deduce that M is bounded in

L2 and uniformly integrable.

(d) Show that M is both a local martingale and a supermartingale.

(e) Show that M is not a martingale.

2. Let Z be a complex Brownian motion starting at Z0 � 0. Show that |Zt| does not converge almost

surely as tÑ8.

3. Let Z be a complex Brownian motion with Z0 � 1. Let θ be a continuous choice of the argument

about 0 of Z. Show that lim suptÑ8 θptq � 8 and lim inftÑ8 θptq � �8.

4. Let Z be a complex Brownian motion started at i P H � tz P C ; =z ¡ 0u (the upper half plane)

and let D � tz P C ; |z|   1u (the unit disc).

(a) Show that the Moebius transformation fpzq � z�i
z�i maps H Ñ D, BH Ñ BDzt1u, i Ñ 0 and

8Ñ 1.

(b) Let TH � inftt ¡ 0 ; Zt R Hu. Show that there exists a time change τ such that Wt � fpZτptqq

is a complex Brownian motion and τpSq � TH where S � inftt ¥ 0 ; Wt R Du.

(c) Prove that the exit law is given by

PpZTH ¤ xq �
1

2π
arg fpxq

and calculate this expression as

PpZTH ¤ xq �

» x
�8

1

πp1� t2q
t..

5. Let c ¡ 0 and let pZtq be a complex Brownian motion starting from Z0 � 0. Prove that there is a

sequence of times pTnq such that Tn Ñ8 almost surely as nÑ8 and ZTn
P p�c, cq.


