
Problem Sheet 1

1. Let pBtq be a Brownian motion with B0 � 0 and let pFtq be its generated filtration. Let Mt � B2
t �t.

Show that pBtq and pMtq are both pFtq-martingales.

2. Let pBtq be a Brownian motion with B0 � 1 and define τ � inftt ¥ 0 ; Bt � 0u. Let pFtq be the

filtration generated by pBtq.

(a) Show that τ is an pFtq-stopping time.

(b) Show that E rBt^τ s � 1 for all t ¥ 0 and that P rBτ � 0s � 1.

(c) Deduce that tBt^τ ; t ¥ 0u is not uniformly integrable.

3. Let pNtq be the pure birth process, started at N0 � 1, in which each currently alive individual gives

birth at rate 1. You may assume that pNtq is a Markov process with state space N and note that

transitions from nÑ n� 1 occur at rate n. Let pFtq be the filtration generated by pNtq.

(a) Show that Wt �
Nt

ErNts
is an pFtq-martingale.

(b) Show that nt � E rNts satisfies dnt

dt � nt and deduce that e�tNt converges almost surely as

tÑ8 to some random variable L.

4. Let pBtq be a Brownian motion with B0 � 0 and that is adapted to the filtration pFtq. Let C be a

p0,8q valued random variable that is independent of B and Ft measurable for all t. Let Mt � BtC .

(a) Show that pMtq is a local pFt)-martingale.

(b) Show that pMtq is an pFt)-martingale if and only if E
�
C1{2

�
  8.

5. Let pBtq be a Brownian motion with B0 � 0 and let pFtq be its generated filtration. Let S �

inftt ¡ 0 ; Bt � �1u. For t P r0, 1q let τptq � t
1�t . Note that τp0q � 0, τ is strictly increasing on

r0, 1q and that τptq Ò 8 as t Ò 1. Define

Mt �

#
Bτptq^S t   1

�1 t ¥ 1
.

and let pGtq be the filtration defined by Gt � Fτptq for t   1 and Gt � Y8
s�0Fs for t ¥ 1.

(a) Show that pMtq is a local pGtq-martingale.

(b) Show that pMtq is not an pGtq-martingale.


