
Problem Sheet 6

Recall that if Z � X � iY is a complex Brownian motion starting at i, H is the upper half plane and

T � inftt ¡ 0 ; Zt R Hu, then ZT P R a.s. and

PpZT ¤ xq �

» x
�8

1

πp1 � t2q
dt.

That is, ZT has the Cauchyp0, 1q distribution.

1. Let Z be a complex Brownian motion started at z0 � x0 � iy0 P H. Compute the exit law of Z

from H.

2. Let α P p0, πq and define Cα � tz P C ; argpzq P p0, αqu. Let Z be a complex Brownian motion

started at Z0 � z0 P Cα. Let T � inftt ¥ 0 ; Zt R Cαu. Compute the law of ZT .

3. Let D � tz P C ; |z|   1u and Z be a complex Brownian motion started at z0 P p0, 1q. Using the

transformation

fpzq �
z � z0
zz0 � 1

(which you may assume maps D Ø D), show that, if T � inftt ¡ 0 ; Zt P BDu and θ0 P r0, 2πq,

PpargpZT q ¤ θ0q �
1

2π

» θ0
0

1 � |z0|
2

|z0 � eiθ|
dθ

4. Let Z be a complex Brownian motion starting at Z0 � 1{e. Let

Θt �
1

2π
=
�» t

0

1

Zs
dZs




denote the winding of Z about 0, and T denote the exit time of Z from the unit disc D. Show that

ΘT has a Cauchyp0, 1q distribution.


