Problem Sheet 3

1. Deduce the complex version of It0’s formula from the real version.

2. Let Z = X + 1Y be a complex Brownian motion and let 7' = inf{s > 0; |Y;| = 1}. Show that
(ZiaT) is a square integrable martingale.

3. Prove that a non-constant entire function cannot omit the interval [0,1] from its range.

4. Let (Z;) be a complex Brownian motion with Zg = 0. Let T be a stopping time such that Zy = 0.
Define

Zy t<T
Wy =< _
Zy t>T.

Prove that W is a complex Brownian motion.

5. (a) Let r >0andlet D ={z€eC; |z|] <r}. Let (Z;) be a complex Brownian motion with Zy =0
and let T = inf{t > 0; Z, ¢ D}. What is the distribution of Zp?

(b) Let f: C — C be analytic. Show that for all z € C and r > 0,
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fz)=— fz+ rew) do.
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